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In its crudest and simplest form, the central limit theorem can be stated in the following
way. If X 1;X 2; . . . ;Xn form a sequence of independent random variables from a probability
distribution with finite mean EðXiÞ ¼ l and finite variance EðXi  lÞ2 ¼ r2, then probabil-
ities about the random variable Z ¼ ðPni¼1Xi  nlÞ=ð
ﬃﬃﬃ
n
p
rÞ can be approximated by prob-
abilities from a normal distribution with mean 0 and variance 1 usually denoted by Nð0; 1Þ.
There are two kinds of people who are interested in this theorem or generalizations thereof:
those who use it and those who prove it. The “use it” group will be disappointed with Hans
Fischer’s book, while the “prove it” group will be very pleased. For the “prove it” group,
there is a rich and thorough treatment of the mathematical developments over the span of
nearly two centuries as they apply to proving the central limit theorem in its full generality.
At one extreme of the “use it” side, there is nothing. Books for data analysts are full of
advice about how large a sample size is necessary so that the central limit theorem will
reasonably apply in a practical situation. The evolution of how this advice came to be
definitely is not the subject of this book. Between the strict “use it” side and the “prove
it” side, there is some material in the middle ground. For example, there is a very nice brief
discussion about the use of the central limit theorem as a motivating tool in the applied
work of Adolphe Quetelet during the 19th century. But to say there is not enough emphasis
on the “use it” side is to miss the whole point of Fischer’s book.
Fischer made a conscious decision about what direction to follow with the project. There
are two ways to approach the history of Laplace’s approximation or, more formally, his
limit theorem: look at all the different areas that were inspired by Laplace’s original result;
or look at one end result, the modern mathematical general formulation of the central limit
theorem, and then examine the evolutionary path to how we got there. Fischer has chosen
the second route. The main theme of the book is the discovery of the evolutionary path that
took probability as a mixture of theory and application in the 18th and early 19th centuries
to probability as a branch of pure mathematics that resulted in the full flowering of the the-
ory behind the central limit theorem between the First and Second World Wars. Those who
are interested in this theme, as I said, will be very pleased.
The development of the mathematical theory behind the central limit theorem can be
divided into three general epochs. First there is Laplace’s version of the theorem motivated
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words of Fischer, it was “an important tool of classical probability, but not an autonomous
mathematical theorem.” (p. 34) This situation changed with the growing abstraction of
mathematics during the 19th century. By following the works of Siméon-Denis Poisson,
Gustav Lejeune Dirichlet, Friedrich Bessel and Augustin-Louis Cauchy, Fischer shows
how the approach to a proof of the central limit theorem changed with the developing rigor
in mathematics up to the midpoint of the 19th century. There is a commonality to all of
these mathematicians’ approaches to the central limit theorem. They assumed that the ran-
dom variables X 1;X 2; . . . ;Xn all come from distributions with finite support, or, to put it
another way, distributions with finite or discrete ranges of the random variable. The next
epoch began in 1870 with the work of the St. Petersburg school that includes the work
of Pafnuty Chebyshev, followed by Andrei Markov and Aleksandr Lyapunov. They gener-
alized the central limit theorem by considering distributions with infinite support, or distri-
butions with infinite or continuous ranges of the random variable. They also looked at the
rate of convergence of the distribution or the imprecision of the normal approximation.
The last epoch began in the 1920s and came to a close in 1936. Throughout this time, math-
ematicians looked for the necessary and sufficient conditions for the limit theorem to hold.
Those who led the way and solved the problem – Jarl Lindeberg, Paul Lévy, William Feller
and Harald Cramér – were all pioneers of modern probability theory. Thanks to these
mathematicians, what I described crudely at the beginning of the review, now has the fol-
lowing form. Again X 1;X 2; . . . ;Xn are a sequence of independent random variables. This
time, however, it is assumed that l ¼ 0 and that the variance of the ith variable may change
from variable to variable, i.e. EðX 2i Þ ¼ r2i . Let r2þ ¼
Pn
i¼1r
2
i and let Z ¼ ð
Pn
i¼1XiÞ=rþ. What
is now known as the Lindeberg–Feller result is that the random variable Z converges in
distribution to a Nð0; 1Þ distribution and maxi6nri=rþ ! 0 if and only if for every
 > 0; r2þ
Pn
i¼iEðX 2i IðjXij > rþÞÞ ! 0; where IðÞ is an indicator function.
Throughout the book, Fischer provides thorough mathematical descriptions of the
development of the central limit theorem as it evolves with increasing mathematical rigor.
He pauses at times to bring the reader up to date on the changing nature of the
mathematics and spends time discussing the background and implications of the work of
each major contributor to the theoretical developments of the central limit theorem. He
concludes the book by examining further theoretical developments on limit theorems into
the early 1950s.
There have been several articles, chapters in books, and at least one book that have dealt
with the history of the central limit theorem. Fischer is very thorough in all respects. He
references all the previous histories, commenting on each of them. His treatment of the
development of the central limit theorem is more detailed, and at times more insightful,
than almost all others. The one exception is Anders Hald’s work that is also very thorough
but only covers developments up to Cauchy [Hald, 1998]. The one book is The Life and
Times of the Central Limit Theorem by William J. Adams [Adams, 2009]. Written for a gen-
eral audience, it is a gentle and easy to read treatment of the history up to the beginning of
the 20th century. The interwar years are treated by providing reprints and translations of
papers by Feller and Lyapunov. In addition, Adams includes an article by the mathematical
statistician Lucien Le Cam on the history of the developments in the interwar years that is
followed by comments from others [Le Cam, 1986]. In terms of depth, breadth and thor-
oughness, Adams’s book pales in comparison to Fischer’s work. Fischer has probably writ-
ten what will be the definitive history of the central limit theorem for many years to come.
After mentioning Le Cam, I cannot help but quote from his paper that is reprinted in
Adams’s book. My prosaic summary of the developments in the proof of the central limit
theorem is far more eloquently expressed by him [Le Cam, 1986, p. 78].
“In the beginning there was de Moivre, Laplace, and many Bernoullis, and they begat
limit theorems, and the wise men saw that it was good and they called it by the name of
Gauss. Then there were new generations and they said it had experimental vigor but
lacked in rigor. Then came Chebyshev, Liapounov, and Markov and they begat a proof
and Polya´ saw that it was momentous and he said that its name shall be called the Cen-
tral Limit Theorem.
Then came Lindeberg and he said that it was elementary, for Taylor had expanded
that which needed expansion and he said it twice, but Le´vy had seen that Fourier trans-
formations are characteristic functions and he said ‘let them multiply and bring forth
limit theorems and stable laws.’ And it was good, stable, and sufﬁcient, but they asked
‘Is it necessary’? Le´vy answered, ‘I shall verily say unto you that it is not necessary, but
the time shall come when Gauss will have not parts except that they be in the image of
Gauss himself, and then it will be necessary.’ It was a prophecy, and then Crame´r
announced that the time had come, and there was much rejoicing and Le´vy said that
it must be recorded in the bibles and he did record it, and it came to pass that there were
many limit theorems and many were central and they overﬂowed the chronicles and this
was the history of the central limit theorem.”
While Le Cam overflows with literary allusion, Fischer overflows with detail, insight and
excellent commentary.
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Cauchy’s Cours d’analyse. An Annotated Translation
By Robert E. Bradley, and C. Edward Sandifer. Sources and Studies in the History of
Mathematics and Physical Sciences. Dordrecht (Springer). 2009.
This is the first translation into English of A.-L. Cauchy’s seminal Cours d’Analyse de l’
École Royale Polytechnique. Première Partie. Analyse Algébrique, first published in 1821
and then again in Cauchy’s Oeuvres Complètes in 1897. As is well known, Cauchy’s Analyse
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